We consider ballistic cylindrical nanostructures with an applied longitudinal static magnetic field. Without Coulomb interaction, the field induces points of degeneracy where the ground state of the system is exchanged due to Aharonov-Bohm effect. The Coulomb potential introduces interaction between the degenerate electronic configurations. As a consequence, the crossing points of the free electron model are replaced by avoided crossings, and the ground state becomes a many body state unable to be described by a simple mean-field theory. To study this problem, we propose a variational multireference wave function which goes beyond the Hartree-Fock approximation. Using this ansatz, in addition to the avoided crossing formation, two other effects of the electron-electron interaction are pointed out: (i) the long-range part of the Coulomb potential tends to shift the position of the avoided crossings in magnetic field and, (ii) when there is degeneracy, or near degeneracy, the interaction drives the system from a singlet to a triplet state creating new real crossing points in the ground state energy curve as function of the field.
I. INTRODUCTION
It is known, since the early days of quantum mechanics, that the low energy electronic properties of ballistic aromatic molecules are very sensitive to a magnetic field applied perpendicularly to their planes [1] . The field breaks the time reversal symmetry and therefore induces an electronic current running around the circumference of the ring. This is the persistent current, arising due to Aharonov-Bohm effect [2] . This is an equilibrium phenomenon, periodic in magnetic flux with period φ 0 = hc/e, the flux quantum [3] . But, to be able to measure it requires systems with characteristic lengths in the nanoscopic or mesoscopic scale. Indeed, on the one hand, the electrons have to stay coherent which is possible for systems smaller than the electronic coherence length. But, on the other hand, to cover a full period of magnetic flux requires rings with sufficiently large diameters. This is definitely not the case for the usual aromatic molecules where field as large as 10 5 tesla are needed to observe the periodicity. However, nowadays, many man-made systems in the appropriate length scale, are available in various forms: isolated or ensemble of metallic or semiconducting rings [4] and, more recently, carbon nanotubes which are large organic cylinders [5, 6] . Therefore, the study of persistent current have regained lot of interest during the last ten years.
The rings, or small cylinders, made of usual metal or semiconductor, are studied intensively since the nineties and a few experiments, motivated by early theoretical prediction [7] , have measured a sizable persistent current in some systems [4] . But, neither the magnitude of the current -one or two orders of magnitude larger than expected -nor the diamagnetic sign of the response measured experimentally can be explained by existing theories. Most of the theoretical efforts were devoted to the study of the interplay between disorder and Coulomb interaction, but without convincing conclusions up to now [8] .
Carbon nanotubes were discovered by Iijima in 1991 [5] . They are fascinating materials whose electronic properties are determined in a unique way by the topology of their lattice:
they are rolled up strip of graphite sheet whose, depending on their diameter and chirality, can be either metallic or semiconducting [9] . In any case, the electronic spectrum of these systems seems to be very sensitive to an applied magnetic field suggesting large orbital magnetic response [10, 11] . Indeed, recently strong field effects have been seen in measurements of the tunneling conductance of multiwall carbon nanotubes [6] .
From a geometrical point of view, there is an obvious similarity between all these different materials, but, of course, each of them has its own peculiarities. Metallic cylinders are in the diffusive regime while semiconducting cylinders are in the ballistic one [4] . On their side, carbon nanotubes can be produced almost free of defects. On the other hand, regarding the screening properties, they are very effective in metals, where a short range Coulomb potential should be used, but they are much less effective in semiconductors and in carbon nanotubes -metallic or semiconducting -where a long range potential is more appropriate.
In this work, we consider cylindrical systems made of rolled square lattices, without disorder but with Coulomb potential, long or short range. We are meanly interested in how the Coulomb potential can affect the ground state properties of these systems when a static magnetic field parallel to the cylindrical axis is tuned, and hence, on the behaviors of the persistent current which can be measured experimentally. Similar studies were done in the past but, either for pure 1D systems [12] i.e. systems with only one electronic channel, or for multichannel systems but with strong disorder [13] . In both cases, the problem is rather different than the one treated here. In the free electron case, a magnetic field applied along the cylindrical axis, because of the Aharonov-Bohm effect, induces many level crossings in the multichannel case [14] . At each crossing point, the ground state is then degenerate, which would not be the case in presence of disorder. With Coulomb potential, there exist interaction between these degenerate states resulting in avoided crossings; in other words, at the vicinity of the crossing points the ground state is fundamentally a manybody state unable to be described by any mean field treatment. In this work, we propose a 'minimal' variational wave function to deal with this particular problem, going beyond a simple Hartree-Fock calculation. As a result, we find, in addition to the avoided crossings, two others effects caused by repulsive interaction. (i) The avoided crossings are shifted in magnetic field; this effect is due to the non-equal Hartree contributions of the different components of the interacting ground state.
(ii) Because of the degeneracy, the Hund's rule becomes relevant and could drive the system to a triplet state: it follows sequences of singlet → triplet → singlet ground states which should be seen in various type of experiments such as measurements of the magnetoconductance, for instance.
We believe the conclusions of this work rather general providing that the system under consideration is in the ballistic regime i.e. weakly disordered. Indeed, all the effects described here, result from the degeneracy, or quasi-degeneracy, of the ground state induced by the magnetic field in the case without Coulomb interaction. In principle, this always happens for any cylindrical systems.
The paper is organized as follows. In section II, the model without Coulomb interaction is presented and the origin of the crossing points induced by an applied magnetic field is described. In section III, we introduce the model with Coulomb interaction. In a first subsection, the failure of mean field theories, in the vicinity of the crossing points, is pointed out.
In a second subsection, our variational ansatz is presented and some effects of the Coulomb interaction are shown. Last, in a third subsection, possible spin effects are discussed.
II. NON INTERACTING ELECTRONS. ORBITAL EFFECTS
The generic systems we consider along this work are rolled square lattices. In this section we start by neglecting the Coulomb interaction to focus on orbital effects only. Then, the electrons are described by the following nearest-neigbhors tight-binding model where an uniform magnetic field, H, parallel to the cylindrical axis, is included via the Peierls-London
where φ is the magnetic flux through the section of the cylinder in units of the flux quantum φ 0 (φ 0 = hc/e). The two indices (n, m), two integers, are the coordinates of the lattice sites:
n is the coordinate along the circumference, 1 ≤ n ≤ N, and m the one along the cylindrical
operator of an electron at site (n, m) with spin σ. The spectrum of the Hamiltonian (1), which depends continuously on the magnetic flux, is
with p and q two integers such that −N/2 ≤ p ≤ N/2 − 1 and 1 ≤ q ≤ M.
We have applied open boundary conditions at the ends of the cylinder. Note that the spectrum, and therefore every thermodynamic quantity, is periodic in flux, with periodicity φ = 1 [3] . As the magnetic field is increased, the energy levels evolve and many level crossings appear [14] (Cf. Fig. 1 ). The details of the pattern of the crossing points is very complicated and depends on the geometry of the system and parameters of the model.
At zero temperature, the ground state energy of the system with N e electrons is obtained by filling up successively the lowest energy levels according to the Pauli principle. Here, we restrict our study, almost exclusively, to the case of equal numbers of up and down spins i.e. In general, a FS corresponds to smaller change in momentum, δk = (
than a BS. In Fig 2a, only the cusp at φ ≃ 0.12 is associated with a FS event, all the others are BS events.
The persistent current (PC) is a thermodynamic quantity given, at zero temperature, in terms of the ground state energy E by
The second equality arises for free electrons only. It can be shown that this derivative is proportional to the average of the current operator. This current yields an orbital magnetic moment which can be detected experimentally [4] . Obviously, the persistent current presents discontinuities for each value of the magnetic flux where the ground state energy shows cups. Fig. 2b gives an example for the very same cylinder (N = M = 10, N e = 80). Note that the persistent current in mesoscopic cylinders was studied with some details in the past.
For instance, it was shown in [15] that its intensity strongly depends on the shape of the Fermi surface. This property has important consequences for carbon nanotubes [11] . Most of the other studies insist on the role played by disorder [13] . As a remark, one may see that the orbital effect described above, works to reduce the persistent current: if one would keep the level occupation frozen and then, let evolve the ground state energy as function of the magnetic flux the resulting PC would be more than one order of magnitude larger.
The discontinuities seen in the PC (Fig. 2b) is a general phenomenon, within the free electron picture, which affects any response function. For instance, in ref. [14] , the static electric polarizability of diverse cylindrical systems was studied and shown to present these characteristics. It was then suggested to use this physical quantity to get some insights into the electronic structure of nanoscopic materials such as carbon nanotubes.
In more realistic situations, the neighboring energy levels are coupled by various interactions i.e. Coulomb interaction, disorder. In consequence, the levels will not cross each other but rather will come close and then repel in avoided crossings. Therefore, the different responses will not show discontinuities but rather abrupt changes at the position of the avoided crossings. Next we consider the case of long-range Coulomb potential in the weakly interacting limit assuming the system to be in the ballistic regime.
III. INTERACTING ELECTRONS. COULOMB AND SPIN EFFECTS.
In this section, we consider the same cylindrical systems pierced by a magnetic flux but, with interacting electrons. Therefore, we consider the following Hamiltonian
whereĤ 0 describes free electrons in applied magnetic field and has been defined previously (see Eq. (1)). The second term introduces the Coulomb interaction
where U (n,m),(n ′ ,m ′ ) is assumed to be long range
This form of potential is known in the chemical literature as the Ohno potential; it is appropriate to describe π electrons in organic materials such as conjugated polymers or carbon nanotubes. It includes a kind of effective screening due to the inner electrons via an effective screening length, a 0 , with typical value of 0.611Å −2 [16] . r (n,m),(n ′ ,m ′ ) is the distance between two electrons siting in sites (n, m) and (n ′ , m ′ ) given in angström; we choose the lattice units to be close to the usual carbon-carbon bond length in graphite, a = 1.4Å. In some cases, we have also neglected the long range part of the Coulomb potential to keep only the on-site term (Hubbard model). We focus mainly on the weak-interacting regime where a mean field theory is supposed to be a good starting point. In fact, we will see below that this kind of theory breaks down at the vicinity of the crossing points.
A. First order corrections. Failure of one-reference based theories 
The electron densities of these two states are ρ i (n, m, φ) and ρ o (n, m, φ), respectively, which
where
The first order Hartree corrections, W i (φ) and W o (φ), are given by
Since the densities differ, the magnitude of the Hartree corrections will also be different. In particular, at the crossing point,
this non-equality is responsible for the appearance of discontinuities in the ground state energy (cf Fig. 3 ).
Clearly, these discontinuities point out the drawback of the perturbative calculation but also, more generally, of any calculation based on only one reference i.e. one Slater determinant: an Hartree-Fock type of calculation will only reduce the intensities of the discontinuities but without removing them (examples are shown latter). The failure of the one-electron theories is due to the degeneracy of the ground state at the crossing points.
Indeed, in presence of Coulomb interaction, there exist couplings between the degenerate states which make the ground state of the system to be a many-body state unable to be described by only one determinant at the vicinity of these particular points: a mean field description is then clearly not appropriate. We will discussed, in the next subsection, a simple ansatz going beyond a mean-field treatment and able to capture some of the important manybody effects. However, it is already possible, before, to get some qualitative informations from the first order calculations despite the visible inadequacy of the results.
The energies of the two states, |Ψ i > and |Ψ o >, without Coulomb interaction, are E i (φ) and E o (φ). They are both two parabola-like curves that cross at φ c . With Coulomb interaction, these two curves are shifted, more or less strongly, to higher energies by the Hartree corrections, W i (φ) and W o (φ), which have, in general, different values. Therefore, the two-shifted parabola will cross at a different value of the magnetic flux,φ c , such that
This effect is illustrated schematically on Fig. 4 ; we call it 'Coulomb effect'. In other words, the Coulomb interaction is expected to shift the crossing points, φ c →φ c .
Last, one sees in Fig. 3 that the difference between the Hartree contributions, δW (φ c ) =
, is more important for forward scattering than backward scattering. It could be explained by invoking the divergence of the Coulomb potential at small momenta, q, (for instance, the Coulomb interaction behaves as 1/q for a two dimensional system). The difference between the Hartree contributions, W i (φ) and W o (φ), is caused by the highest occupied states. If one uses more compact notation by replacing the two pairs of indices, (p i , q i ) and (p o , q o ), by k i and k o , respectively, and if one works in the momentum space instead of the real space, the mean contribution to δW (φ) is given by the following equation
where the summation is done for states that are occupied in the ground state and U q is the Fourier transform of the Coulomb potential. If δk = |k i − k o | is small, as it happens for FS, one may neglect in the formula (9) the difference between the one-particle states ϕ
Then, δW (φ) becomes roughly proportional to the derivative of the Coulomb potential, dU q /dq, which is a diverging quantity at small values of q (for infinite lattice). Since the difference between k i and k o are smaller for FS crossing points, the discontinuities are stronger for FS than BS. Moreover, from formula (9), one sees also that the discontinuities are meanly due to the small (divergent) q contributions. In other words, the discontinuities and, therefore, the shifts of the crossing points are mainly due to the long range part of the Coulomb potential. Indeed, we have done several calculations for short range interaction (Hubbard model) without getting any sizable changes in the ground state energy compared to the free electron case.
We present, in the following section, a variational ansatz able to capture some of the physical effects induced by the electron-electron interaction.
B. Two reference ansatz. Coulomb effect.
It was suggested long ago [17] , to extent the usual Hartree-Fock theory for linear combination of Slater determinants
where α k are variational parameters and |Φ k > are some chosen Slater determinants built from one-electron states determined by the variational principle [18, 19] . The choice of Slater determinants entering the composition of |ψ > is, of course, motivated by the problem under studies. This kind of theory is particularly relevant in case of degeneracy such that appearing here for some values of the magnetic flux, φ c . At each of these points, as we have already discussed, the ground state switches from |Ψ i > to |Ψ o >. The Coulomb interaction is then expected to produce, at least, two different effects.
• (i) There will be a shift of the crossing point, φ c →φ c , due to different Hartree contributions of the two states |Ψ i > and |Ψ o >, as it was discussed in the previous subsection. This is what one may call Coulomb effect.
• (ii) The Coulomb interaction introduces coupling between the two states resulting in avoided crossing. Such mixing of states rules out any mean-field description of the system at the vicinity of the crossing points.
In this subsection we present the minimal ansatz of the form (10) able to describe these two phenomena. First, let us analyze the different crossing points. For S z = 0, each of these points presents, at least, a fourfold degeneracy. The degenerate states are listed in the following. 
where a i n,m are complex coefficients. This state is the state |ψ i > mentioned above.
The three other degenerate states are
this is the state |ψ o >,
and
The electronic configurations |ψ I > and |ψ II > are closed-shell. They are expected to be the main components of the ground state at values of the magnetic flux sufficiently lower or higher than φ c , respectively. The two other configurations, |ψ III > and |ψ IV >, are mono-excitations with respect to |ψ I > or |ψ II >. They are expected to play a role in the direct vicinity of φ c . As a first trial, we consider only the closed-shell determinants in the linear combination (10); we will see, at the end, that this simple ansatz gives good results not too close to the degeneracies and is sufficient to describe (i) the Coulomb effect and
(ii) the avoided crossing formation. Within this approximation, we consider the following two-reference ansatz
where1 is the unit operator. The expansion coefficients, α and β, and the set of coefficients {a i n,m } used to define the one-body wave functions (12) are determined from the variational principle. More precisely, we look for an extremum of the ground state energy:
We use a two-step iterative procedure to determine the best wave-function |ψ >. In a first step, the expansion coefficients α and β are determined by diagonalization of the following two by two matrix
In a second step, the coefficients a 
The Brillouin theorem for usual HF theory states that the matrix elements of the total Hamiltonian between the ground state and any mono-excitations cancel out. Its generalization to multireference HF theory is less clear: it means that the matrix elements of the total Hamiltonian between the ground state and some linear combinations of excited configurations cancel out. Using this condition, it is possible to calculate the set of coefficients {a i n,m } as we will see below. Then, the process is continued by repeating these two steps until convergence is reached.
The first step is straightforward. For the second step, to proceed starting from Eq. (19), we follow closely the Ref. [18] . In order to make use of the generalized Brillouin theorem, it is convenient to rewrite the Hamiltonian aŝ
whereV is an effective one-body operator and,F is the Fock operator which we require to be diagonalF
With this rewriting of the Hamiltonian, the generalized Brillouin theorem is used to determineV and, thereby, to build the Fock operator. By using a multireference ansatz such as (10) and (16), the Fock operator acquires a block structure
Let us name ξ r χ σ , with 1 ≤ r ≤ N.M and σ = ±1/2, the variational one-electron wave functions associated with the fermionic operators A † r,σ and A r,σ . ξ r is the orbital part and χ σ the spin part. They are listed by increasing values of energy. The one-electron operatorF cc is defined in the subspace spanned by ξ r with 1 ≤ r ≤N −1,F oo in the subspace spanned by ξN and ξN +1 andF ee in the subspace spanned by ξ r with r >N +1. It is important to stress that the effective Fock operator is non-uniquely defined by the generalized Brillouin condition.
Indeed, only the off-diagonal blocks are determined by using Eqs. (19) and (21) . Additional assumptions are needed to fix the three diagonal blocks: here, we calculate these blocks as matrix elements of the one-particle operatorF ce , procedure particularly appropriate for closed shell configurations [18] .
In order to test the quality of the variational wave function (16) with the intensity of the interaction. Additionally, one notes a splitting of the peaks for large enough interaction strength. This effect may be imputed to the spin degree of freedom, as we will discuss in the next subsection. It is not described with the simple ansatz (16) . Fig.   6 shows a comparison between the variational calculation and the exact result, for weak interaction (U = 0.2t) where the spin starts already to play a role. A good agreement is obtained which becomes excellent away from the crossing points. Our simple variational ansatz (16) seems able to well describe, at least, part of the effects caused by Coulomb interaction in the weak interacting limit. On parallel, as an illustration, the results of an usual Hartree-Fock calculation (one reference) is also shown: again a discontinuity appears at the crossing point, as it was the case for the perturbative calculations but, with a smaller gap. The need to go beyond a mean field approximation appears, again, very clearly.
Next, we consider a bigger cylinder with N = 10, M = 10 and N e = 80 (40 electrons up and 40 electrons down). Then, it is not possible anymore to do exact calculation and one has to rely on the approximate result. Important shifts of all the crossing points are obtained (cf. Fig. 7 ). As it was expected from a qualitative argument, the most important shift is obtained for FS type of crossing points: in our example a shift of more than 5.10 −2 φ 0 is obtained which could correspond to significant value of magnetic field. These are the signatures of the Coulomb effect already discussed in the previous subsection based on the first order Hartree theory. But, by comparing the curves (3) and (7), one easily sees that the intuitive scenario depicted schematically in Fig. (4) is by far too simple: it is not sufficient to continue by hands the diverse parabola, as suggested in Fig. (4) , to get the new crossing point pattern. The new ground state energy curve is more accurately, and need to be, determined by the self consistent procedure described above. Last, note that with on-site interaction only, no differences compared to the non-interacting case can be detected, at the scale of the figure. This points out, once again, that the important shifts we get are due to the long range part of the Coulomb potential, in agreement with our qualitative argument based on eq. (9). The screening of the Coulomb potential, induced by the proximity of a metallic electrode, for instance, will tend to decrease the magnitude of the Coulomb effect.
The corresponding persistent current is shown in Fig. 8 compared to the one obtained for the very same cylinder but without Coulomb interaction. The discontinuities appear shifted to higher magnetic flux due to the Coulomb effect. This is particularly sensible for the FS event for which, moreover, the magnitude of the discontinuity is enhanced.
C. Spin effect
It is clear from the results of exact diagonalization (cf. Fig. 5 ), that the ansatz (16) is not sufficient for relatively high Coulomb interaction. According to the analysis of the crossing points, we have missed in the linear combination (10), at least, the two mono-excitations |ψ III > and |ψ IV >. If one considers these electronic configurations separately from the two others, |ψ I > and |ψ II >, they are degenerate in energy, in the non-interacting case (U = 0), but they are mixed into two components that split in the interacting case (U = 0): a singlet state, at high energy, and a triplet state, at low energy, with a gap of 2Γ, Γ being the exchange energy
The corresponding wave functions are given by the symmetric and antisymmetric linear combinations
where the indices T is for Triplet and S for Singlet. The triplet state may be lower in energy than the variational ground state found in the previous subsection.
In principle, a first improvement of the ansatz (16) would consist to add the components (14) and (15) (24) and then estimate its energy
keeping the parameters α, β and {a However, it is partially described if one considers also the energy (25): on a certain interval of magnetic flux -corresponding to this plateau -the triplet state (24) is lower in energy.
Our procedure, first, is in a good agreement with the exact results and, second, strongly suggests the following sequence for the total electronic spin, S = 0 → S = 1 → S = 0, at the vicinity of each point of (near) degeneracy and for increasing values of magnetic field.
At each spin transition appears a new real crossing points. Fig. 10 shows the corresponding persistent current compared with the one obtained for the non-interacting case. On the one hand, the long-range Coulomb interaction shifts the discontinuities -this is the Coulomb effect -and, on the other hand, the Triplet plateau appears also as a new 'plateau' in the persistent current which may be detected experimentally.
The above result is in agreement with an usual qualitative argument based on the Hund's rule. In case of double degeneracy, or near degeneracy, such as encountered at the direct vicinity of each crossing point, and for S z = 0, the Coulomb interaction will favor the state where the two degenerate levels, here ϕ
and ϕ H po,qo , are mono-occupied. Indeed, it costs more Coulomb energy to doubly occupied one of these two levels. Moreover, the repulsive interaction will favor the state with maximum total spin, here S = 1, since the coordinate wave function is then anti-symmetrized which allows to gain the exchange energy. The two highest electrons will occupy the levels ϕ
and ϕ H po,qo with total spin one, as long as the energy difference between the levels remains smaller than the energy gain due to Coulomb interaction. At this point, it is important to remember that we have not considered the Zeeman interaction which may change the picture at high magnetic field.
Before doing the same analysis for a bigger cylinder, we present some studies from exact diagonalization for the very same small cylinder as before, but with a short-range Coulomb potential i.e. namely using the Hubbard model. The results are summarized in Fig. 11 where the ground state energy is shown as function of the magnetic flux for several values of U. These results have to be compared with the one of Fig. 5 presenting the same quantity but using the long-range Coulomb potential (Eq. 6). One sees, first, that the Coulomb effect is considerably reduced by the use of an on-site term only: there is almost no shifting of the crossing points. Second, the spin effect is, on the contrary, sensibly enhanced in the sense that (i) the Triplet plateau appears for lower values of U than in the case of long range Coulomb potential and, (ii) this plateau can be much more extended in magnetic flux. It seems that there is a kind of competition between the two effects. The more the Coulomb effect is important the more the size of the Triplet plateau is reduced.
Next, we have considered a bigger cylinder with N = 10, M = 10, N e = 80 and S z = 0, and evaluated the variational energy (Eq. (17)) and the corresponding triplet energy (Eq.
(25). For the long range Ohno potential (Eq. (6)), there is no range of magnetic flux where the Triplet state would be favored within our approximation and for relatively low values of U (up to U = 2|t| approximately). On the contrary, for a Hubbard potential, there is a Singlet → T riplet transition at every crossing points for strong enough U. This is shown in Fig. 12 for U = |t|. One can notice, a large Triplet plateau for values of the magnetic flux corresponding to the FS point.
Last, we have considered exclusively the case with equal numbers of up and down electrons i.e. S z = 0. The conclusions will be slightly different with an unpaired electron i.e.
S z = ±1/2. Indeed, in this case, at each crossing point the ground state of the free electron model is only twofold degenerate and not fourfold as it is the case for S z = 0. The spin is then not expected to play any role. Therefore, with Coulomb interaction, the avoided crossing and Coulomb effect phenomena should persist but, on the contrary, the spin effect described above should not. We have down exact calculations for very small cylinders. Fig.   13 shows examples for N = 3, M = 2, U = 100|t|, 2 spin up and 1 spin down compared to the case with 4 electrons and S z = 0. One clearly sees that, both for long and short range Coulomb potential, the spin effect is irrelevant in the case with one unpaired electron.
As a remark, one may say that the spin transition found at the vicinity of the crossing points reminds the fractional Persistent Current pointed out in purely one-dimensional rings [12] . Without interaction, the ground state energy of these systems is periodic with periodicity φ 0 [14] . With infinite interaction, first, the spin-charge separation phenomenon occurs and, second, the spin excitations of the system change drastically the behavior of the ground state energy which changes its periodicity to φ 0 /N e where N e is the number of electrons. It would be, of course, very interesting to be able to extrapolate what could happen for the multichannel systems studied here in presence of large interaction.
Before the conclusion, one may add that similar spin sequences, as the one pointed out in this subsection, were already predicted to occur in short armchair carbon nanotubes under the influence of an inhomogeneous gate potential [20] . The carbon nanotubes have two families of levels which react differently to this applied potential, creating level crossings.
Then, for even number of electrons, in the very same way as the situation described here, the first Hund's rule drives the system from a singlet (S = 0) to a triplet state (S = 1)
at the vicinity of the crossing points. The same phenomenon was also described to happen in quantum dots where the signature of the spin transition was expected to be seen in the evolution of the Coulomb-blockade peak positions [21] .
IV. DISCUSSION AND CONCLUSION
We have considered in this work electrons moving on the surface of nanoscopic cylinders described as rolled square lattices. Without disorder -or with a weak disorder -a static magnetic field applied along the cylindrical axis induces points of degeneracy -or quasidegeneracy. Therefore, with Coulomb interaction, the ground state of the system becomes, at the vicinity of these points, fundamentally a many body state unable to be described by any mean field theory based on only one Slater determinant (as usual Hartree-Fock theory).
To circumvent this difficulty, we have studied a simple variational ansatz which is a linear combination of the two closed shell Slater determinants that become degenerate. On top of that, we have also considered the lowest triplet state built out of the variational solution.
As a result, we have found three effects induced by the electron-electron interaction at the vicinity of these points of degeneracy.
• Avoided crossings. The Coulomb potential induces couplings between the degenerate configurations. As a result, a gap is opened.
• Coulomb effect. With repulsive interaction the diverse energy curves, corresponding to diverse N-body states, as function of the magnetic flux, are shifted up by the Hartree contributions. Because the magnitude of these contributions differs from state to state, the Coulomb interaction shifts the position of the avoided crossings in magnetic field.
• Spin effect. When degeneracies occurs and for S z = 0, the Hund's rule can drive the system to a triplet state. Therefore, at the vicinity of the degeneracy points, Coulomb interaction can induce a Singlet → Triplet transition follows by a Triplet → Singlet one. In the case of one unpaired electron, S z = ±1/2, the spin effect don't occur.
The Coulomb effect is due mainly to the long range part of the Coulomb potential. On the contrary, the spin effect is favored by short range interaction. Therefore, a screening of the repulsive interaction induced, for instance, by a gate electrode could change the electronic properties of the system.
The electron-electron interaction, on the one hand, mixes the different configurations and replaces the crossing points of a free electron theory by avoided crossings but, on the other hand, the total spin of the system may be changed by application of the Hund's rule creating new real crossing points. Thereby, any response function, providing that the electronic structure of the cylinder is preserved, are expected to show an abrupt change at the position of these crossing points where the total spin is changed. This should be the case in measures of persistent current [4] , but also, in the static electric magnetopolarizability studied in [14] and already measured for an ensemble of metallic rings [22] and, as a last example, in magnetoconductance measurements, with bad contacts to the electrodes, such as the one done in [23] where multiwall carbon nanotubes behave as quantum dots. Similar effects were studied in [21] for quantum dots, where the spin transitions were shown to give characteristic signatures in the Coulomb-blockade peak positions. 
